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We propose a dynamical mechanism to induce gauge fields in four di- 
mensional space-time from a single scalar field or a spinor field in higher 
dimensions. The Born-Oppenheimer treatment of the extra dimensions is an 
J|h \ essential ingredient in our approach. A possible applications of the idea to 

low dimensional condensed matter systems and high temperature field the- 

X' 

ory are also pointed out. This paper is an extended version of our previous 

a ; 

unpublished work (SUNY-NTG-89-48, Jan. 1990). 
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1. Introduction. One of the ultimate goals in physics is to understand the fundamental 
law of interactions acting between elementary particles. Presently, it is generally believed 
that the gauge theory, which is based on the principle of the local gauge invariance, provides 
a fundamental form of interactions. This strong requirement settles the form of interactions 
between matter and field in almost unique way. 

However, it seems that there is still a room to look for the origin of the gauge symmetry 
without imposing it from the outset. A possible way is to extract the symmetry a poste- 
riori as a result of some simple dynamical mechanism. In what follows, we shall develop a 
theory along with this thought. The basic idea has been already reported in our unpub- 
lished/unsubmitted work [|TJ, and the present paper is its extended version. We will derive 
a massless gauge field only through the scalar field or the Dirac field: The central point is 
that the gauge field emerges as an effective field as a result of the smearing out the degrees 
of freedom associated with the "extra dimensions" . The idea may somewhat share the spirit 
with Kaluza-Klein theories |2| . However, the gauge field is induced dymanically in our case, 
while it is already assumed from the outset in the Kaluza-Klein theories 0. The induced 
gauge field in our approach has formal analogy with that obtained by the Born-Oppenheimer 
approximation in quantum mechanical systems such as the diatomic molecules Q , which we 
will discuss more. 

Let us start with a complex scalar field living in the (4+N)-dimensional space-time 
labeled by x M = (x 1 *,^), = ~ 3, i = 5 ~ 4 + iV) with the metric g MM ' = diag.(l, -1, • • 
•,— 1). x M and 8 l denote the 4-dim. space-time coordinate and the extra N-dimensional 
space coordinate, respectively. Assume that the lagragian of the system has a simple form: 

C(x, 6) = -&d M d M $ - [ci$ f $ + c 2 ($ f $) 2 ], (1) 

and we will consider the case where > for simplicity. By using the standard Hubbard- 
Stratonovich transformation (the gaussian trick in the path integral) ||, (|Tj) is made equiv- 
alent with 

C(x, 6) = -&[d 2 x + d 2 e + ci + tr(x, 0)]$ + ^-<t(x, 9)\ (2) 

4C2 
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where a(x, 9) is an independent auxiliary-field to be integrated out in the path integral 
together with $. 

As far as the internal space is compactified, the following discussions do not depend on 
its topology nor the dimensinality N. Therefore, we will take N = 1 and adopt a circle S l 
for the internal space in this section to demonstrate the essentail idea. In this choice, &(x, 9) 
obeys the boundary condition 

<!>(x^9 + 2nR) = $(x^9), (3) 

where R is the "radius" of the internal space and has a size of 0(1/ (Plank mass)). We will 
assume that R is independent of for simplicity unless otherwise is stated; this assumption 
is not essential for the following discussions. 

Let us adopt here the Born-Oppenheimer (BO) approach || and assume that the fluc- 
tuation of $ by the change of x^ (9) is "slow" ("fast"). This corresponds to neglecting d x 
compared to dg when one solves the dynamics in the internal space. This assumption is 
justified if the size of the internal space is small enough compared to the typical scale in the 
4-dim. world. In the BO approximation, $ at each space-time point x M is expanded as 

$(x,9)=J2<t>n(x)fn(d;x)- (4) 

n 

Here f n (9\ x) is a complete set of functions in the internal space and is a solution of the BO 
equation where d x is neglected by definition: 

H BO f n (9; x) = \ n {x)f n {9; x) with H BO =8^ + ^ + a(x, 9), (5) 

where \ n (x) is an eigenvalue at each point x^. Note that x and 9 do not enter separately in 
f n , because a is a function of both variables. f n satisfies the normalization and completness 
relations 

/ d9 f:(9; x)f m (0; x) = 8 nm , £ x)f m (0'; x) = 5(9 - 9'). (6) 

The effective Lagrangian C in the ordinary space-time is defined as 
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t(x) = J d6 L{x,6) . (7) 
Substuting the decomposition (f|) into (P and using (||), one obtains 

t = [(& - iAfMid, - iA l ™)4> m - Jd6 [A n 0L> n - ±-a 2 (x, 0% (8) 

with 

A% m (x) =i J dd f:(e;x)d»f m (e;x), (9) 

and <9 M = d/dx^. Because of the decomposion (f|), £ in (§) has an obvious local U(l) gauge 
invariance, namely, 

<Pn^<p n e ia , f n ^f n e- ta or A» nm -> A£ m + 5 nm d»a. (10) 

Note here that a is gauge-singlet by definition. From the above transformation property, 
A™™ can be identified with a U(l) gauge field induced by the existence of the internal space. 

There are several ways to the non-abelian generalization of the above result. Let us 
present two possible examples M. (i) If there exists A;- fold degeneracy for particular mode n 
in the BO equation (|5]), the rotation among the degenerate modes with the same eigenvalue 
X n induces U(k) gauge symmetry and associated U(k) Yang-Mills (YM) field A°~{x) with 
a,b = 1 ~ k (n,m indices are suppressed here.) This is easily seen by the decomposition 
with an explicit label a; $ = f^ a \8\x)4>^ a \x) (a = 1 ~ k and the label n is not shown 
explicitely here). The local gauge invariance reads <fi — > U<p,f — > fW where U acts on 
the suffix a. (ii) Suppose we introduce a scalar field Q ab (x,8) (a, b — 1 ~ k) transforming 
as Ugiobai$Ug lobal under the U(k) global rotation. Then, the BO decomposition for the 
k x k matrix $ afe = Y^nYjcfn°{^'i x ) ( t )C n{ x ) naturally induces a local U(k) gauge invariance 
— ► Uiocaicj), f n — > f n Ul oca i where Ui oca i acts on the suffix c. Associated U(k) YM field 
transforms A^ — > Uiocai^A^+id^U^^. In the latter example, one extra-dimension is enough 
to accomodate the YM field, which is in contrast to the Kaluza-Klein theories where higher 
extra-dimensions are neccesary 0. 
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Among a series of the scalar fields (j) n (x), the one corresponding to the lowest eigenvalue 
Ao will survive at low energies. Thus, retaining only n = m = 0, one arrives at a simply 
effective lagrangian 

t = {D^)\D^) - J dff[X^<f> - -La 2 ], (f f ) 

where = <9 M — iA^ and we have suppressed the label n = m = 0. The functional integral 
over a should still be carried out to get a true low energy action, which will be discussed in 
the next section. 

A comparison of our approach with the BO treatment of the diatoms is worth mentioning 
here. Our field variables f n and <fi correspond to the electronic wave function and the 
nuclear wave function for the diatomic molecule, respectively. In the BO approximation 
of the diatom, the electronic wave function is solved as if the nuclear coordinate X is an 
external parameter, which induces the "gauge field" in the effective hamiltonian for the 
nuclear motion [|J. This is quite analogous to our BO treatment of the internal space. A 
slight difference is that the object we are concerned with is the field variables, while it is the 
wave functions in the case of diatoms. 



3. Non-triviality of the induced gauge field. Up to now, we have neither given an 
explicit form of f n (6;x) nor discussed whether the induced has nontrivial field strength 
F av . To answer these questions, let us go back to the BO equation (||). If a is zero (i.e. 
c 2 = 0), f n is readily solved as 

l c Wfl wi th Af = Cl + (|) 2 . (12) 
\J2 r nR it 

From this, one observes the following facts: (i) If R is not a function of x, the induced gauge 
field A^ is trivialy zero and so does the field strength F^ v . (ii) Even if R is assumed to be 
x dependent quantity, F^ v is still zero since A^ can be written as a total divergence. 

When C2 7^ 0, the gauge field becomes non-trivial even if R is x independent. This can 
be seen explicitely by calculating f n in the first order perturbation with respect to a; 
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f n (9;x) ~\ n)+E l ^ |a '(o) ) ^ ( 13 ) 

where we have used abbriviated notations such as =\ n) and (I \ a \ n) = 

J d9 fia(x,9)f^\ The induced gauge field corresponding to ( |13D becomes e.g. 

AT{x) = -i e H^iom^) (14) 

j (Ai 0) - A! 0) ) 2 

which produces F MI/ 7^ 0. 

So far, is given as an implicit function of the "background" field a(x, 9). To treat the 
induced gauge field as a dynamical one, we have to make a functional integration over a. 
For this purpose, let us insert an unity 1 = j[dB^(x)} 8(B^ — A^) into the partition function 
with the lagrangian (0), which results in 

Z = J [dB^dWWf** / [d<r\8(B» - A^e^^ (~^+i^ 2 ) . (15) 



Here is redefined as <9 M — iB^. (15) has a gauge symmetry with simultaneous changes 
— > exp[ia](f>, A^ — > A^ + d^a and B^ — > £> M + c^a. After the cr-integration, A^ disappears 
from Z, thus the gauge symmetry carried by and B^ remains as a remnant of the original 
symmetry carried by and A^ in (|TD|). This implies that only the gauge invariant terms 
composed of and _B M appears in Z after the cr-integration, i.e. 

[dS At ][d^*]e i / rf * x (|o^l 2 -c 3 ^^-c4^+...) ; ( lg ) 

with constants c 3 ,c 4 • •• and = <9 M -Bj, — d u B^. The exponent in (|16D is the final low 
energy effective action where and S M are the independent fields. The kinetic term of 
is induced by the quantum fluctuation of a ~ <E>t$. The situation is similar to that in the 
Qpn moc [ e i m w here the kinetic term of the composite gauge field is induced dynamically. 
The analogy can be seen more closely by using 5{B ll — A^) = J[dC^] exp(iC Jl (B^ t — A^)) in 
(|T5|). A major difference from the CP ra model is that our composite gauge field A^ is quite 
an implicit function of a, while the gauge field in the CP n model is simply proportional 
to z*d il z with z being the original CP n field. This make the evaluation of the coeeficients 
C3, C4, • • • more involved and we will not pursue it here except for the general consideration. 



4. Gauge field induced by a spinor. We now turn to the gauge field induced by a Dirac 
field. Since most of the manipulations are the same with the boson case, we will just show 
the outline of the derivation here. Let's start with a massless Dirac field in 4+N dimensions 
with vector-type self interaction as an example; 

c = w M d M v - c 2 (*r M *) 2 , (17) 

where T M is the 4+N dimensional gamma matrices satisfying {r M ,T A/ '} = 2g MM ' . After 
the Hubbard-Stratonovich transformation, the equivalent lagrangian reads, 

c = mr M (d M - iu M )^ - e). (is) 

4c 2 

ujp, here is an auxiliary field and has nothing to do with the induced gauge field we are 
looking for. 

Since f M = zPPPP • r M has a property {P, P} = Ag^, {P, P} = Ag ij , [f», P] = 
with fi, v = ~ 3 and i, j = 5 ~ 4 + N, one can choose a product representation as usual, 
f ix = 7^ <8> 1^ and f t = 1^ (g) 7 ? - where 7^ i - ) and 1^ are the Diral matrices and unit 
matrix in L-dimensions, respectively. The Born-Oppenheimer equation corresponding to (^) 
reads 

i^(di - iu)i)f n {x^ 0) = \ n fn(%n, 0), (19) 
with \I/ = ij) n (x) ® f n (9] x )i an d the effective lagrangian is written as 

t = ^r[5 nm (d, - iuj,) - iA™}^ m - Jd9 (A n ^ - W J), (20) 

with 

A™{x) = i J d9f%f m . (21) 

The local gauge invariance ip n — ► exp(ia) ip n , A™ m — > A™ m + Snmd^a is obvious in the above 
formula. Final low energy effective lagrangian £ e ff is obtained by taking n = m = and 
integrating out u^; 
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C eff = ^rfi^D^ - csiJt/j - c A F 2 + 



(22) 



with Da = dn - iB u and F av = d a B u - d v B„. 



5. Further directions. 

(I) We have so far concentrated on the vector type gauge fields. However, by generalizing 
the local field ty(x,8) to the string field ty(x(cr),9) or the membrane field ty(x(ai, 02), 9), 
one may induce antisymmetric tensor fields such as A^ u and A^x which are the gauge fields 
associated with the motion of the string or the membrane as is discussed in ref. 0. 

(II) Field theories at high temperature (T) is a possible place to apply the idea in this 
paper. In fact, in the imaginary-time formulation of the finite T field theories, the size of 
the compactified "time" direction is 1/T. Thus, at high T, emergence of an induced gauge 
field is expected after eliminating the modes in the time-direction through the BO procedure. 
This may provide us with a new method to construct high T effective field theories [K| . 



(Ill) Application of our idea to the low- dimensional condensed matter system is also inter- 
esting. Instead of introducing the hypothetical extra dimensions, let us imagine to curl up a 
two dimensional sheet (on which electrons are living) to a tube. If the diameter of the tube 
is small enough, the system can be treated almost like a one-dimensional system "except" 
for the gauge field induced by the curling-up procedure. This gauge field is a remnant of the 
wave functions of the electrons moving in the compactified dimension, and it will affect the 
dynamics of the electrons moving along the uncompactified direction. The carbon nanome- 
ter tube, which was recently discoverd in the laboratory ||11|| , may be used to study such a 
novel phenomenon. Further works along these lines line are under investigation and will be 



reported elesewhere [O. 



6. Summary. In summary, we proposed a dynamical mechanism to induce the spin-one 
gauge fields from the scalar or spinor fields in higher dimensions. The Born-Oppenheimer 
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treatment for the compact internal space naturally induces gauge fields, which is analogous 
to the similar phenomena in quantum mechanical systems. The idea could possibly be 
applied also to the low dimensional electron systems and the high T field theories. 
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